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Wave packet systems are countable collections of dilations, translations and modula-
tions of a single function w 2 L2ðRÞ. In [4], Cordoba and Fefferman introduced this
form of wave packet system. Wave packet systems have been considered and extended
by several authors, see [1,3,5,7–9]. Czaja, Kutyniok and Speegle proved that certain
geometric conditions on the set of parameters in a wave packet system are necessary
in order for the system to form a frame.
The classical Hardy space H2ðRÞ is the collection of all square integrable functions
whose Fourier transform is supported in Rþ ¼ ð0;1Þ:H2ðRÞ ¼ ff 2 L2ðRÞ : f^ðnÞ ¼ 0 for a:e: n 6 0g;
where f^ is the Fourier transform of f deﬁned by1 9811739965.
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Z
R
fðxÞe2pinxdx:In the present paper, we consider wave packet systems as special cases of generalized
shift-invariant systems, a concept studied by Ron and Shen in [10]. We established a
complete characterization of tight wave packet frames for L2ðRÞ and we also proved
that it is possible to construct wave packet frames in H2ðRÞ [6].
2. PRELIMINARIES
For b 2 R, the translation operator Tb on L2ðRÞ (or H2ðRÞ) is deﬁned by
ðTbfÞðxÞ ¼ fðx bÞ; x 2 R:For c 2 R, the modulation operator Ec is deﬁned by
ðEcfÞðxÞ ¼ e2picxfðxÞ; x 2 R:The dilation operator associated with a non-negative a> 0 isðDafÞðxÞ ¼
ﬃﬃﬃ
a
p
fðaxÞ; x 2 R:The Fourier transform is deﬁned asf^ðnÞ ¼ F fðnÞ ¼
Z
R
fðxÞe2pinxdxand the inverse Fourier transform isfðxÞ ¼ ðF1fÞðxÞ ¼
Z
R
fðnÞe2pixndn:The Plancherel theorem asserts thathf; gi ¼ hf^; g^i:
For a > 0; b; c 2 R and f 2 L2ðRÞ (or H2ðRÞ)ðDajfÞ ¼ Daj f^
ðEbfÞ ¼ Tbf^
ðTcfÞ ¼ Ecf^andðDajTkbEmcfÞ ¼ DajEkbTmcf^:
The inner product of functions f; g 2 L2ðRÞ ishf; gi ¼
Z 1
1
fðxÞgðxÞdxwherekfk2 ¼
Z 1
1
jfðxÞj2dx
 1
2
Deﬁnition 2.1 [2]. A countable family fea : a 2 Ag of elements in a separable Hilbert
space H is a frame if there exist constants A,B with 0 < A 6 B<1 satisfying
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X
a2A
jhv; eaij2 6 Bkvk2: ð2:1Þfor all v 2 H. If only the right hand side inequality holds, we say that fea : a 2 Ag is a
Bessel system with constant B. A frame is a tight frame if A and B can be chosen so that
A= B and is a normalized tight frame (NTF) if A= B= 1. Thus, if fea : a 2 Ag is a
NTF in H, thenkvk2 ¼
X
a2A
jhv; eaij2: ð2:2ÞThe concept of generalized shift-invariant system was introduced by Ron and Shen
in [10].
Deﬁnition 2.2. A generalized shift-invariant system is a system of the form
fTcjkwjgj2s;k2Zd , where s is a countable collection of indices, fwjgj2Z  L2ðRÞ and
{cj}j2s is a collection of non-negative numbers.
Deﬁnition 2.3. Let fajgj2Z  Rþ; b – 0; fcmgm2Z  R and w 2 L2ðRÞ. A system of the
form fDajTbkEcmwgj;k;m2Z is called an irregular wave packet system.
The wave packet system fDajTbkEcmwgj;k;m2Z is said to be the frame of L2ðRÞ if there
exist two positive constants A and B with 0 < A 6 B<1 such thatAkfk2 6
X
j2Z
X
m2Z
X
k2Z
jhf;DajTbkEcmwij2 6 Bkfk2; f 2 L2ðRÞ: ð2:3ÞThe wave packet system fDajTbkEcmwgj;k;m2Z is said to be a tight frame of L2ðRÞ with
frame bound 1, ifX
j2Z
X
m2Z
X
k2Z
jhf;DajTbkEcmwij2 ¼ kfk2; f 2 L2ðRÞ: ð2:4Þ3. TIGHT WAVE PACKET FRAMES FOR L2ðRÞ
Let w; ~w 2 L2ðRÞ. For the wave packet systems fDajTbkEcmwgj;k;m2Z and
fDajTbkEcm ~wgj;k;m2Z, we consider the bilinear functionalPðf; gÞ ¼
X
j;m;k2Z
hf;DajTbkEcmwihDajTbkEcm ~w; gi; f; g 2 L2ðRÞ ð3:1Þon L2 · L2, where the weak convergence of the bi-inﬁnite series is deﬁned bylim
m1;m2!1
lim
j1;j2!1
lim
k1;k2!1
Xm2
m¼m1
Xj2
j¼j1
Xk2
k¼k1
hf;DajTbkEcmwihDajTbkEcm ~w; gi: ð3:2Þ
154 AbdullahThen, fDajTbkEcmwgj;k;m2Z and fDajTbkEcm ~wgj;k;m2Z forms a dual pair if the series in (3.1)
converges in the sense of (3.2) and satisﬁesPðf; gÞ ¼ hf; gi; f; g 2 L2ðRÞ: ð3:3Þ
If both fDajTbkEcmwgj;k;m2Z and fDajTbkEcm ~wgj;k;m2Z are Bessel sequences, then it is clear
that the series (3.1) is absolutely convergent. We need the following notationsLwðnÞ ¼
X
m2Z
X
j2Z
w^ a1j n cm
  2 and L~wðnÞ ¼X
m2Z
X
j2Z
~^w a1j n cm
  2: ð3:4ÞLetD ¼ ff 2 L2ðRÞ : f^ 2 L1ðRÞ and supp f^ is compact in Rg:
For a generalized shift-invariant system fTcjkgj : j 2 s; k 2 Zg, ifLðfÞ ¼
X
j2s
X
m2Z
Z
suppf^
f^ nþ c1j m
  2 1
cj
jg^jðnÞj2dn <1; for all f 2 D;we say that fTcjkgj : j 2 s; k 2 Zg satisﬁes the Local Integrability Condition (LIC).
L1ðRÞ is the space of essentially bounded measurable functions f : R! C, equipped
with the supremums-norm.
Lemma 3.1. 1Let fajgj2Z  Rþ; b > 0; fcmgm2Z  R and w; ~w 2 L2ðRÞ. Also assume that
the wave packet systems fDajTkbEcmwgj;k;m2Z and fDajTkbEcm ~wgj;k;m2Z are Bessel
sequences andLðfÞ ¼ 1
b
X
j;m2Z
X
n2Z
Z
suppf^
f^ nþ aj
b
n
  2 w^ a1j n cm  2dn < 1;
andL0ðfÞ ¼ 1
b
X
j;m2Z
X
n2Z
Z
suppf^
f^ nþ aj
b
n
  2 ~^w a1j n cm  2dn < 1;
for all f 2 D. Then, fDajTkbEcmwgj;k;m2Z and fDajTkbEcm ~wgj;k;m2Z form a dual pair if and
only if1
b
X
m2Z
X
j2sa
w^ a1j n cm
 	
~^w a1j ðnþ aÞ  cm
 
¼ da;0 ð3:5Þfor a.e. n 2 R; a 2 K, where
K ¼ [j2Zajb1Z; sa ¼ fj 2 Z : a1j ba 2 Zg:Theorem 3.2. Let fajgj2Z  Rþ; b > 0; fcmgm2Z  R and w 2 L2ðRÞ. Assume the LICLðfÞ ¼ 1
b
X
j;m2Z
X
n2Z
Z
suppf^
f^ nþ aj
b
n
  2 w^ a1j n cm  2dn < 1;
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L2ðRÞ if and only if w satisﬁes1
b
X
m2Z
X
j2sa
w^ a1j n cm
 	
w^ a1j ðnþ aÞ  cm
 
¼ da;0 ð3:6Þfor a.e. n 2 R; a 2 K, where
K ¼ [j2Zajb1Z; sa ¼ fj 2 Z : a1j ba 2 Zg:Proof. Let ~w ¼ w. If fDajTbkEcmwgj;k;m2Z is a tight frame for L2ðRÞ, then from (3.1), we
havePðf; fÞ ¼
X
j;m;k2Z
hf;DajTbkEcmwihDajTbkEcm ~w; fi; 8f 2 L2ðRÞNow using ~w ¼ w and Eq. (2.4); we havePðf; fÞ ¼
X
j;m;k2Z
hf;DajTbkEcmwihDajTbkEcmw; fi;
¼
X
j;m;k2Z
hf;DajTbkEcmwihf;DajTbkEcmwi;¼
X
j;m;k2Z
hf;DajTbkEcmwi
 2 ¼ kfkj2;for all f 2 L2ðRÞ. Consequently, it follows that Lw 2 L1 and P(f,g) = Æf,gæ for all
f; g 2 L2ðRÞ. Thus, by Lemma 3.1, Eq. (3.5) holds for ~w ¼ w, i.e. Eq. (3.6) holds.
To establish the converse, we ﬁrst observe thatPðf; fÞ ¼ 1
b
X
m;j;s2Z
Z 1
1
f^ðnÞw^ a1j n cm
 
f^ nþ aj
b
s
 
w^ a1j n cm þ
s
b
 
dn;where the series certainly converges for f 2 D, provided that Lw 2 L1. Indeed, for
supp f^  ½H;H, there exists an J 2 Z, such thatPðf; fÞ ¼ 1
b
X
m2Z
X
j6J
X
jsj6Sj
Z H
H
f^ðnÞw^ a1j n cm
 
f^ nþ aj
b
s
 
 w^ a1j n cm þ
s
b
 
dn


6 1
b
X
m2Z
X
j6J
X
jsj6Sj
Z H
H
f^ðnÞf^ nþ aj
b
s
 
w^ a1j n cm
 	 2dn 
1
2

Z Hð1þbÞ
Hð1þbÞ
w^ a1j n cm
  2dn
 !1
2
6 const
X
m2Z
X
j6J
a1j kf^k1
Z Hð1þbÞ
Hð1þbÞ
w^ a1j n cm
  2dn
 !1
2
6 constkf^k1kw^k; where Sj 6
bH
aj
:
156 AbdullahLetK ¼ [j2Zajb1Z; sa ¼ fj 2 Z : a1j ba 2 Zg:
Using this notation, we can rewrite P(f,f) asPðf; fÞ ¼ 1
b
X
m2Z
X
a2K
Z 1
1
f^ðnÞf^ðnþ aÞ

X
j2sa
w^ a1j n cm
 
w^ a1j ðnþ aÞ  cm
 " #
dn: ð3:7ÞNow, suppose that Eq. (3.6) is valid. Then, on the one hand, we have1
b
X
m2Z
X
j2Z
w^ a1j n cm
 	
w^ a1j n cm
 
¼ 1
b
X
m2Z
X
j2Z
w^ a1j n cm
  2 ¼ 1for a.e. n 2 R. Now, using Eq. (3.4), we have Lw(n) = b a.e. n 2 R, so that Lw 2 L1;
and on the other hand, Eq. (3.7) can be simpliﬁed toPðf; fÞ ¼
Z 1
1
f^ðnÞf^ðnÞdn ¼ kfk2 ð3:8Þfor all f 2 D. Since D is dense in L2ðRÞ, Eq. (3.8) holds for all L2ðRÞ. That is
fDajTbkEcmwgj;k;m2Z is a tight frame for L2ðRÞ. This completes the proof of
Theorem 3.2. h4. TIGHT WAVE PACKET FRAMES FOR H2ðRÞ
For e> 0, let se be a smooth function (say C
r,r= 0,1,2, . . . , or C1) such that se(x) = 0
if x< e ands2e ðxÞ þ d2e ðxÞ ¼ 1; ð4:1Þwhere de(x) = se(x). For 0 < e 6 13 p, let
beðxÞ ¼ seðx pÞd2eðx 2pÞ ð4:2Þbe a bell function associated with the interval [p, 2p]. Using Eqs. (4.1) and (4.2); we
have X
j2Z
X
m2Z
be a
1
j n cm
  2 ¼X
j2Z
X
m2Z
s2e a
1
j n p
 
d22e a
1
j n 2p
  
¼
0 if a1j n p < e) n < ðpþ eÞaj
0 if a1j n 2p > 2e ) n > ð2p 2eÞaj
1 if ðpþ eÞaj < n < ð2p 2eÞaj:
8><
>: ð4:3ÞDeﬁne we byw^eðnÞ ¼ beðnÞ; n 2 R: ð4:4Þ
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m2Z
X
j2Z
w^e a1j n cm
  2 ¼ vð0;1ÞðnÞ; n 2 R: ð4:5ÞTheorem 4.1. For every e such that 0 < e 6 13p, the wave packet systemfDajTbkEcmwegj;m;k2Z, where we is given by Eq. (4.4), is a tight frame for H2ðRÞ with
frame bound 1. Moreover, we is in the Schwartz class if we choose se 2 C1ðRÞ.
Proof. Assume that f 2 H2ðRÞ. Using Plancherel’s theorem, we have
X
j2Z
X
m2Z
X
k2Z
jhf;DajTbkEcmweij2 ¼
X
j2Z
X
m2Z
X
k2Z
jhF f;FDajTbkEcmweij2
¼
X
j2Z
X
m2Z
X
k2Z
f^;Da1
j
EbkTcm w^
e
D E 2
¼
X
j2Z
X
m2Z
X
k2Z
jhf^;EkbajDa1j Tcm w^
eij2
¼
X
j2Z
a1j
X
m2Z
X
k2Z
Z 1
0
f^ðnÞw^e a1j n cm
 	
e2pikbajndn


2
¼
X
j2Z
aj 1
X
m2Z
X
k2Z
Z ajð2p2eÞ
ajðpþeÞ
f^ðnÞbe a1j n cm
 
e2pikbajndn


2
ð4:6ÞThe sum over k in this last expression is the sum of the squares of the Fourier coefﬁ-
cients of the function ajf^ðaj  þcmÞbeðÞ over the interval 2p3 ; 8p3

 
. Thus, we haveX
j2Z
X
m2Z
X
k2Z
f;DajTbkEcmw
e  2 ¼X
j2Z
X
m2Z
Z ajð2p2eÞ
ajðpþeÞ
jf^ðnÞj2 be a1j n cm
  2dn
¼
X
j2Z
X
m2Z
Z 1
0
jf^ðnÞj2 ðweÞ a1j n cm
  2dn: ð4:7ÞUsing Eq. (4.5), we obtainX
j2Z
X
m2Z
X
k2Z
f;DajTbkEcmw
e  2 ¼ Z 1
0
jf^ðnÞj2dn ¼ kfk2H2ðRÞ: Remark 4.2. Since kwek2H2ðRÞ ¼ kðweÞk22 ¼ p. Thus, if 0 < e 6 13p; kwekH2ðRÞ ¼
ﬃﬃﬃ
p
p
> 1,
and hence we have a family of frames in H2ðRÞ that do not form an orthonormal basis.ACKNOWLEDGEMENT
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